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In this paper we study the corrections emergent from a Lorentz-violating extension of the scalar electrody-
namics to the Bose-Einstein condensation and to the thermodynamic parameters. We initially discussed some
features of the model to only then compute the corrections to the Bose-Einstein condensation. The calculations
were done by computing the generating functional, from which we extract the thermodynamics parameters.
I. INTRODUCTION
In the last years possible extensions of the Standard Model
(SM) have been studied and, in this context, Lorentz and
CPT symmetries breaking are now considered as an essen-
tial topic of discussion [1–6]. By introducing privileged di-
rections in space-time the Lorentz symmetry is broken. Such
privileged space-time directions are expressed through some
additive terms which are proportional to small constant vec-
tors or tensors. The Standard Model Extension (SME) [5, 6]
is the most well established model that consider the effects of
Lorentz and CPT symmetry violation.
Recently an extension of the scalar sector considering
Lorentz-Violating effects was proposed by Kostelecky and
Edwards [7]. Such model presents a general effective scalar
field theory in any spacetime dimension containing explicit
perturbative spin-independent Lorentz violating operators of
arbitrary mass dimension. A topic of great importance ad-
dressed by this construction is the fact that the great major-
ity of the fundamental particles of the SM have spin, being
the Higgs boson the only example in the SM of a fundamen-
tal spinless particle. In spite of the minor role played by the
scalar sector of QED (sQED), compared to strong interaction,
in the description of coupling between mesons, it was argued
[8] that a Lorentz-violating extension of sQED could be an ef-
fective way of treating tiny CPT deviations in neutral-mesons
oscillations.
The finite temperature effects in the context of Lorentz sym-
metry violation have been extensively studied in the last years,
specially in the context of radiative corrections [9–11], tree
level scatterings [12–15], massless QED [16], ambiguities in
the Chern-Simons induction and non-analiticity [17–19]. In
this paper we are interested in the influence of the Lorentz-
violating extension of the scalar sector [7] in the finite temper-
ature regime and particularly in the Bose-Einstein condensa-
tion. We perform the calculations by the explicit computation
of generating functional, from which we obtain the thermody-
namics parameters.
This paper is organized as follows: in the next section we
present the model itself and discuss some properties regard-
ing the discrete symmetries. In section III we calculate the
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thermodynamics parameters, such as pressure, energy, spe-
cific heat and charge density. We also calculate the critical
temperature for the Bose-Einstein condensation. In section V
we present our final remarks.
II. MODEL
The model we are considering consists of the complex
scalar sector of the Lorentz-violating extension of the standard
model, recently proposed by Kostelecky [7]. The lagrangian
describing the system is
L = Gµν(∂µφ)∗∂νφ − m2φ∗φ − i
2
[φ∗kˆµa∂µφ − φkˆµa(∂µφ)∗]
where the tensor Gµν = gµν + (kˆc)
µν is composed by the
Minkowski metric tensor gµν = diag(1,−1,−1,−1) and a
Lorentz-violating constant tensor (kˆc)
µν. The tensors (kˆc)
µν
and kˆ
µ
a violates the Lorentz invariance by breaking the equiv-
alence between particle and observer transformations. Such
tensors, assumed to be constant, imply the independence of
the space-time position, which yields translational invariance
assuring the conservation of momentum and energy. Note that
while the tensor (kˆc)
µν is dimensionless, the tensor kˆ
µ
a has di-
mension of mass.
Regarding the analysis of the discrete symmetries on the LV
tensors kˆ
µ
a and (kˆc)
µν, the results are summarized in the table.
As we can see the tensor kˆ
µ
a is CPT-odd while (kˆc)
µν is CPT-
even. The PT symmetry is always preserved, however effects
of CP violation can be saw with the kˆ0a and (kˆc)
0i components.
It is important to highlight here that the kˆia violates charge,
partity and time reversal symmetries simultaneously.
C P T CPT
kˆ0a - + + -
kˆia - - - -
(kˆc)
00, (kˆc)
i j + + + +
(kˆc)
0i + - - +
III. FINITE TEMPERATURE EFFECTS
For our purposes we will consider only the contributions of
kˆ
µ
a , since the influence of (kˆc)
µν can be absorbed in the metric.
2The lagrangian (1) possess an obviousU(1) symmetry, so that
φ → φ′ = e−iαφ, (1)
with α ∈ R. The Noether’s theorem states that for any given
continuous symmetry there is a conserved quantity in connec-
tion. In order to find such conserved quantity let us consider
α as a function of space-time position α = α(x), then
L′ = L + φ∗φ∂µα∂µα + i∂µα(φ∗∂µα − φ∂µφ∗) − φ∗φkˆµa∂µα.(2)
The Euler-Lagrange equation gives us the equation of motion
for the “field” α(x). The contribution ∂L/∂α = 0, so that,
∂L
∂(∂να)
= φ∗φ(2∂να − kˆνa) + i(φ∗∂νφ − φ∂νφ∗) (3)
is a conserved quantity. Letting α(x) be a constant again we
obtain the following conserved current,
jµ(x) = i(φ∗∂νφ − φ∂νφ∗) − φ∗φkˆνa. (4)
Making use of the equations of motion for φ and φ∗, given by
−φ∗ − m2φ∗ + ikˆµa∂µφ∗ = 0 (5)
−φ − m2φ − ikˆµa∂µφ = 0, (6)
a direct calculation show us the conservation of the four cur-
rent, i.e., ∂µ j
µ(x) = 0. Consequently the charge density is
expressed by
Q =
∫
d3x j0
=
∫
d3x
[
i
(
φ∗
∂φ
∂t
− φ∂φ
∗
∂t
)
− φ∗φkˆ0a
]
. (7)
It is convenient to split the fieds φ and φ∗ into two real com-
ponents φ1 and φ2 as
φ =
1√
2
(φ1 + iφ2) (8)
φ∗ =
1√
2
(φ1 − iφ2), (9)
so that the Lagrangian can be rewritten in terms of φi with
i = 1, 2 as follows
L = 1
2
∂µφi∂
µφi − m
2
2
φiφi +
1
2
φiǫi jkˆ
µ
a∂µφ j. (10)
The canonically conjugated momenta are:
πi =
∂φi
∂t
+
1
2
ǫi jφ jkˆ
0
a (11)
then the Hamiltonian becomes
H = 1
2
(
πiπi + (~∇φi) · (~∇φi) +
(
m2 +
1
4
(kˆ0a)
2
)
φiφi
−φiǫi j~ka · ~∇φ j − φiǫi jkˆ0aπ j
)
. (12)
The charge density can also be expressed in terms of φi,
Q =
∫
d3xǫi jπiφ j. (13)
LettingH(φ, π)→ H(φ, π) − µN(φ, π), being µ the chemical
potential and N(φ, π) the conserved charge density, identified
as Q, the partition function becomes:
Z =
∫
Dπi
∫
periodic
Dφi exp
{∫ β
0
dτ
∫
d3x×
×
[
iπi
∂φi
∂τ
−H(φi, πi) + µǫi jπiφ j
]}
. (14)
The term “periodic” means that the integration over the field
is constrained in such way that φ(~x, 0) = φ(~x, β) with β = 1/T .
The partition function can be written as
Z =
∫
Dπi
∫
periodic
Dφi exp
{∫ β
0
dτ
∫
d3x×
×
[
−1
2
π2i +
(
1
2
φiǫi jkˆ
0
a + i
∂φ j
∂τ
− µǫi jφ j
)
π j
−1
2
(~∇φi)2 − 1
2
(
m2 +
1
4
(kˆ0a)
2
)
φ2i + φiǫi j
~ka · ~∇φ j
]}
.(15)
So that the integration over the momenta can be straightfor-
wardly done. Then we obtain,
Z = (N′)2
∫
periodic
Dφi exp
{∫ β
0
dτ
∫
d3x×
×
12
(
i
∂φ j
∂τ
− µǫi jφi
)2
+
i
2
φiǫi jφ jkˆ
0
a −
µ
2
φ2i kˆ
0
a
−1
2
(~∇φi)2 − 1
2
m2φ2i + φiǫi j
~ka · ~∇φ j
]}
. (16)
The factor N′ is a normalization constant, irrelevant in the
present context, since multiplication of Z by any constant will
not change the thermodynamics. The components of φ can be
Fourier-expanded as,
φ1 =
√
2ζ cos θ +
√
β
V
∑
n
∑
~p
ei(~p·~x+ωnτ)φ1;n(~p) (17)
φ2 =
√
2ζ sin θ +
√
β
V
∑
n
∑
~p
ei(~p·~x+ωnτ)φ2;n(~p), (18)
where ωn = 2πnT , owing to the constraint of periodicity that
φ(~x, β) = φ(~x, 0) for all ~x. Here ζ and θ are independent of
(~x, τ) and determine the full infrared behaviour of the field;
that is, φ1;0(~p = ~0) = φ1;0(~p = ~0) = 0. This allows for
the possibility of condensation of the bosons into the zero-
momentum state. Substituting (17) into (15) the partition
function becomes
Z = (N′)2
∏
n
∏
p
∫
Dφ1;n(~p)Dφ2;n(~p)e
S , (19)
3where S is given by
S = βV(µ2 + µkˆ0a − m2)ζ2
−1
2
∑
n
∑
p
(
φ1;−n(−~p), φ2;−n(−~p))D
 φ1;n(~p)
φ1;n(~p)
 ,(20)
being D
D = β2
 ω2n + ω2 − µ2 + µkˆ0a −2µωn + ωnkˆ0a + i~ka · ~p
2µωn − ωnkˆ0a − i~ka · ~p ω2n + ω2 − µ2 + µkˆ0a
 ,(21)
with ω =
√
~p2 + m2. Carrying out the integrations over φ1;n
and φ2;n, we have,
ln Z = βV(µ2 + µkˆ0a − m2)ζ2 + ln(detD)−1/2, (22)
so that we can rewritte in the following form
ln Z = βV(µ2 + µkˆ0a − m2)ζ2 −
1
4
V
∫
d3p
(2π)3
{β(Σ + Λ)
+2 ln
[
1 − e− 12 β(Σ−kˆ0a+2µ)
]
+ 2 ln
[
1 − e− 12 β(Σ+kˆ0a−2µ)
]
+2 ln
[
1 − e− 12 β(Λ−kˆ0a+2µ)
]
+ 2 ln
[
1 − e− 12 β(Λ+kˆ0a−2µ)
]}
,
with
Σ =
√
−4~ka · ~p + (kˆ0a)2 + 4ω2 (23)
Λ =
√
4~ka · ~p + (kˆ0a)2 + 4ω2. (24)
It is important to point out that the above expression for lnZ
was obtained under the consideration of a convergence condi-
tion which states that ∣∣∣∣∣∣µ − kˆ
0
a
2
∣∣∣∣∣∣ ≤ m. (25)
In the absence of the Lorentz violation parameter we recover
the usual convergence condition (|µ| ≤ m) already known in
the literature, first stated in the work of Haber [20]. The usual
relation
PV
T
= ln Z, (26)
gives us the equation of state for the system. The pressure can
be calculated as
P =
1
β
∂
∂V
lnZ
= (µ2 + µkˆ0a − m2)ζ2 −
1
4β
∫
d3p
(2π)3
{β(Σ + Λ)
+2 ln
[
1 − e− 12 β(Σ−kˆ0a+2µ)
]
+ 2 ln
[
1 − e− 12 β(Σ+kˆ0a−2µ)
]
+2 ln
[
1 − e− 12 β(Λ−kˆ0a+2µ)
]
+ 2 ln
[
1 − e− 12 β(Λ+kˆ0a−2µ)
]}
,
The internal energy can be written as follows:
E = − ∂
∂β
lnZ
= −V(µ2 + µkˆ0a − m2)ζ2 −
1
4
V
∫
d3p
(2π)3
{−Λ − Σ
+
−Σ + kˆ0a − 2µ
e
1
2
β(Σ−kˆ0a+2µ) − 1
− Σ + kˆ
0
a − 2µ
e
1
2
β(Σ+kˆ0a−2µ) − 1
+
−Λ + kˆ0a − 2µ
e
1
2
β(Λ−kˆ0a+2µ) − 1
− Λ + kˆ
0
a − 2µ
e
1
2
β(Λ+kˆ0a−2µ) − 1
}
. (27)
The specific heat at constant volume can be expressed by
Cv =
∂E
∂T
=
1
32
Vβ2
∫
d3p
(2π)3
{(
kˆ0a − 2µ + Σ
)2
csch2
[
1
4
β
(
kˆ0a − 2µ + Σ
)]
+
(
−kˆ0a + 2µ + Σ
)2
csch2
[
1
4
β
(
−kˆ0a + 2µ + Σ
)]
+
(
−kˆ0a + 2µ + Λ
)2
csch2
[
1
4
β
(
−kˆ0a + 2µ + Λ
)]
+
(
kˆ0a − 2µ + Λ
)2
csch2
[
1
4
β
(
kˆ0a − 2µ + Λ
)]}
. (28)
The charge density is given by
ρ =
1
βV
∂ lnZ
∂µ
=
1
2
∫
d3p
(2π)3
[
1
e
1
2
β(Σ+kˆ0a−2µ) − 1
− 1
e
1
2
β(Σ−kˆ0a+2µ) − 1
+
1
e
1
2
β(Λ+kˆ0a−2µ) − 1
− 1
e
1
2
β(Λ−kˆ0a+2µ) − 1
]
At this point is more convenient to work with the contribu-
tions from kˆ0a and
~ka separately.
A. kˆ0a contribution
We will now analyze the contributions emergent only from
kˆ0a. In this case we have:
Σ = Λ =
√
(kˆ0a)
2 + 4ω2. (29)
Initially let us analyze the pressure in a non condensate fase,
i.e., ζ = 0. The expression (27) for the pressure simplifies to
P = − 1
4β
∫
d3p
(2π)3
{
2βΣ + 4 ln
[
1 − e− 12 β(Σ+kˆ0a−2µ)
]
+4 ln
[
1 − e− 12 β(Σ−kˆ0a+2µ)
]}
. (30)
Using spherical coordinates, the integration measure goes to∫
d3p
(2π)3
−→ 1
2π2
∫
dpp2. (31)
4So that we can rewrite the pressure as
P = − 1
8π2β
∫
dpp2
{
2βΣ + 4 ln
[
1 − e− 12 β(Σ+kˆ0a−2µ)
]
+4 ln
[
1 − e− 12 β(Σ−kˆ0a+2µ)
]}
. (32)
An analogous procedure gives us, for the internal energy,
E = − 1
4π2
V
∫
dpp2 ×
×
{
−Σ + −Σ + kˆ
0
a − 2µ
e
1
2
β(Σ−kˆ0a+2µ) − 1
− Σ + kˆ
0
a − 2µ
e
1
2
β(Σ+kˆ0a−2µ) − 1
}
(33)
and for the specific heat,
Cv =
1
32π2
Vβ2
∫
dpp2 ×
×
{(
kˆ0a − 2µ + Σ
)2
csch2
[
1
4
β
(
kˆ0a − 2µ + Σ
)]
+
(
−kˆ0a + 2µ + Σ
)2
csch2
[
1
4
β
(
−kˆ0a + 2µ + Σ
)]}
.(34)
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FIG. 1: Specific heat
The figure (1) shows the behaviour of the specific heat as a
function of β. Without lost of generality we consider the mass
as being the mass of the Higgs boson, i.e., mH = 125GeV . As
we can see, the specific heat goes to zero when β assumes any
value grater than 10−9GeV and in the limit when β → 0(T →
∞) we have Cv → 1. Also there is no significant difference
when we consider kˆ0a = 10
−18GeV or kˆ0a = 0GeV .
The charge density is given by
ρ =
1
2π2
∫
dpp2
[
1
e
1
2
β(Σ+kˆ0a−2µ) − 1
− 1
e
1
2
β(Σ−kˆ0a+2µ) − 1
]
(35)
The figure (2) presents the behaviour of the charge density
for three values of chemical potential, namely, µc, (1/2)µc and
(1/3)µc being µc = m + (kˆ
0
a/2) the critical chemical poten-
tial. Note that the plot has two values for kˆ0a, one of them
(1/GeV)
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FIG. 2: Charge density
being kˆ0a = 10
−18GeV which we set due to the table of bounds
present in [8], and the other value is kˆ0a = 0GeV , in order
to compare the effect of the Lorentz violation model with the
usual SM. As we can see, there is no considerable effect of
Lorenz violation in the behaviour of the charge density. The
great difference of sixteen orders of magnitude between the
LV parameter and the usual scale of the SM does not provide
any observable effect in the charge density.
At this point it is important to discuss the influence of the
Lorentz violation parameters in the critical temperature Tc
above which we can always find a chemical potential satis-
fying the convergence condition (25). For the Bose-Einstein
condensation to occur we must have µ = ±m + kˆ0a
2
. Setting
such condition into (35), we obtain a correction for the criti-
cal temperature, first presented in [20], as
Tc =
√
24|ρ|
(8 − 3(kˆ0a)2)m
. (36)
Note that the correction appears as a second order contribution
in the LV parameter. In fact in the perturbative series all odd
contributions in the LV parameter are zero, being the second
order contribution the dominant term. However due to the
extremely small bound for the LV parameter, no significant
change in the critical temperature appears.
B. ~ka contribution
In this section we are going to analyze the contributions
emergent from the spatial component of the Lorentz-violating
tensor (kˆa)
µ by setting kˆ0a = 0. Knowing that the equation (23)
is invariant under the interchange Σ↔ Λ, we are interested in
the maximum contribution of the Lorentz-violating parameter,
so that without lost of generality we will consider ~ka and ~p
collinear by setting θ = 0 into ~ka · ~p = |~ka||~p| cos θ. Such
simplification yields for the pressure
5P = − 1
4π2β
∫
dpp2 {β(Σ + Λ)
+ ln
[
1 − e−β(Σ+µ)
]
+ ln
[
1 − e−β(Σ−µ)
]
+ ln
[
1 − e−β(Λ+µ)
]
+ ln
[
1 − e−β(Λ−µ)
]}
, (37)
where
Σ =
√
−kap + ω2 (38)
Λ =
√
kap + ω2, (39)
with ka = |~ka|. The internal energy becomes
E = − 1
4π2
V
∫
dpp2 {−Λ − Σ
+
−Σ − µ
eβ(Σ+µ) − 1 −
Σ − µ
eβ(Σ−µ) − 1
+
−Λ − µ
eβ(Λ+µ) − 1 −
Λ − µ
eβ(Λ−µ) − 1
}
. (40)
For the specific heat we obtain
Cv =
1
16π2
Vβ2
∫
dpp2
{
(−µ + Σ)2 csch2
[
1
2
β (−µ + Σ)
]
+ (+µ + Σ)2 csch2
[
1
2
β (+µ + Σ)
]
+ (+µ + Λ)2 csch2
[
1
2
β (+µ + Λ)
]
+ (−µ + Λ)2 csch2
[
1
2
β (−µ + Λ)
]}
. (41)
Finally, the charge density is presented as
ρ =
1
4π2
∫
dpp2
[
1
eβ(Σ−µ) − 1 −
1
eβ(Σ+µ) − 1
+
1
eβ(Λ−µ) − 1 −
1
eβ(Λ+µ) − 1
]
The behaviour of the charge density and specific heat con-
sidering the contributions emergent from kˆia are essentially the
same as the ones described in figures (2) and (1), respectively.
IV. FINAL REMARKS
In this paper we study the corrections emergent from a
Lorentz-violating extension of the scalar electrodynamics to
the Bose-Einstein condensation and to the thermodynamic pa-
rameters. We initially discussed some features of the model to
only then compute the corrections to the Bose-Einstein con-
densation. The calculations were done by computing the gen-
erating functional, fromwhich we extract the thermodynamics
parameters.
We considered only the contributions from the Lorentz-
Violating vector kˆ
µ
a , since the contributions from kˆ
µν
c can be
taken into account by a simple metric redefinition. We split
the vector kˆ
µ
a into its spatial and temporal components and
treat them separately.
We shown that considering the contribution from kˆ0a, the
converge criteria for the generating functional states that |µ −
kˆ0a/2| ≤ m, from which we obtain a Lorentz-Violating correc-
tion for the critical temperature Tc that sets the Bose-Einstein
Condensation. Besides, we also obtained analytical expres-
sions for the pressure, energy, specific heat and charge density
for both kˆ0a and kˆ
i
a.
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